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Abstract

In this paper, a method of how to construct a freeform surface directly in an off-axis reflective image system
is proposed. The method includes both the seed curve extension algorithm and simulated annealing
algorithm. Firstly, the sample points on the unkown freeform surface were be obtained quickly by the seed
curve extension algorithm. Then the continuity of the freeform surface is evaluated by calculating the angle
between the normal vectors at the adjacent sample points. At last the freeform surface was fitted to an
extended polynomials using simulated annealing algorithm. The method is employed to construct a freeform
surface directly which is used as a primary mirror in an initial layout of an off-axis two-mirror system.

Keywords: Freeform surface, Off-axis reflection system, Two-mirror system, Seed curve extension

Introduction
Off-axis reflective optical systems are widely used in
telescopes [1], hyperspectral imaging spectrometers
[2], ultrashort throw ratio projection optics [3] and so
on because of compact structure, having no blocking,
absence of chromatic aberrations etc. [4].. However,
the off-axis reflective optical systems lack rotational
symmetry, which result in various asymmetrical aber-
rations. The freeform surfaces are generally defined as
non-rotationally symmetrical optical surfaces and pro-
vide more design freedom for optical system. The
asymmetry aberrations can be compensated by intro-
ducing freeform optical surfaces [5, 6]. It is crucial
for optics design to find a good initial layout as a
starting point for subsequent optimization. For most
of co-axis optical systems, the initial layouts can be
found in some patent databases. Unfortunately, it is

hard to find an appropriate initial layout for an off-
axis optical system from patent databases. Therefore,
various methods are employed to generate the initial
layout for freeform optical systems such as point-by-
point construction or construction-iteration (CI)
method [7–11], the partial differential Equations
(PDE) [12–15] and the Simultaneous Multiple Surface
(SMS) [16–21] method. The CI method is mainly
made up of two processes: construction and iteration
[8, 9]. Although the freeform surface in an off-axis re-
flective imaging system can be designed directly by
only using the construction process [7], the image
quality of the off-axis reflective system would be rela-
tively poor if only the direct construction design
process is employed [9]. To improve the image qual-
ity, an iterative process should be followed. Three it-
eration types including normal iteration, negative
feedback and successive approximation were given in
Ref. [9]. For the former two types, the iterative
process could be potentially unstable in some cases.
Though the iterative process of the successive
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approximation approach is more stable than the other
two processes, the convergence is obviously slower
[9]. The PDE method is to deduce a set of partial dif-
ferential equations based on the mapping relationship
between rays from the object and the image with
some constraint conditions [12–15]. This method is
generally limited by two factors: the number of sur-
faces and axial symmetry of the systems [12]. In Ref.
[12–15], the number of designed surface is no more
than two; otherwise the systems should have rota-
tional symmetry. The SMS method was firstly pro-
posed in non-imaging optics design [22, 23], and then
it was extended to design imaging optical systems
[16, 17]. To couple properly, the SMS method

generally needs the same number of optical surfaces
and wave fronts, except for a few special cases. The
SMS method for imaging design is mostly used in de-
signing 2D cases [16–19, 21]. The SMS method is ex-
tended to design a 3D aplanatic system in Ref. [20],
which is a special case.
In this paper, the seed curve extension (SCE) method

is introduced to construct the freeform surface directly
in an off-axis freeform reflective image system. Before,
the SCE method was only used in designing freeform
surface in non-imaging optics such as LED illumination
systems [24]. By the SCE method we can obtain all sam-
ple points on the unknown freeform surface. Then the
continuity and smoothness of the unknown freeform

Fig. 1 The sample rays are reflected from a single freeform surface and converge to the ideal image point

Fig. 2 Calculate the sample points on the freeform surface (a) set the first point (b) Calculate the sample points on the seed curve (c) the sample
points on the curve adjacent to seed curve(d) Calculate all the sample points on the freeform surface
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surface is evaluated by calculating the angle between the
normal vectors at the two adjacent points. The simulated
annealing algorithm [25, 26] is employed to fit the sam-
ple points to an extended polynomial, which can be in-
put into an optical software.
In order to verify the method, we constructed a freeform

surface directly which is used as a primary mirror in an
initial layout of an off-axis two-mirror system. In the ini-
tial layout, the secondary mirror is a planar mirror. The
field of view and working F-number of the system is 2°and
4.68, respectively. The initial layout with a so designed
freeform surface and a planar mirror was turned out have
a good imaging quality, which can be used as a good start-
ing point for subsequent optimization. Based on the initial
layout, a further optimization is performed in Zemax. The
results show that the performance of the system is
diffraction-limited.
The method proposed in this paper has several improve-

ments as follows: all sample points on unknown freeform
surface can be calculated directly without iteration or
feedback. Hence the speed of calculating the sample
points is very fast. Also, it doesn’t need to worry about the
stability of the calculation process. Further, the method
has no limitation in the number of the freeform surfaces
or axial symmetry of the systems.

Methods
In the following, the method for constructing a freeform
surface directly is proposed. The method mainly com-
prises four steps: (I) Set the initial and constraint condi-
tion. (II) Calculate the sample data points on the
unknown freeform surface. (III) Evaluate the continuity
and smoothness of the freeform surface. (IV) Fit the
sample data points to an extended polynomial by simu-
lated annealing algorithm.

(I.) Set the initial and constraint condition.

To illustrate the method of constructing freeform sur-
face, a single freeform reflective surface is analyzed, as
shown in Fig. 1. All the sample rays emitted from the
starting surface. The beam is made up of M ×M sample
rays, whose aperture is square as shown in Fig. 1.
The space between the adjacent sample rays is

equal. The starting point of the ray rij is point Sij(Xij,
Yij, Zij) on the starting surface, whose coordinate is
known as one of initial conditions. Also, the image
point E(x′, y′, z′) is fixed initially. The sample rays are
reflected off a single freeform surface to the ideal
image point. The point Pij(xij, yij, zij) is the intersection
of the sample ray rij and the unknown surface. The
rays rij and r

0
ij are called as the incident ray and the

emergent ray, respectively.

(II.)Calculate the sample points on the unknown
freeform surface.

We will elaborate the process to determine the un-
known freeform surface, which comprises four steps:

1) Select a point P11(x11, y11, z11) along the direction
of propagation for the first sample ray r11 as the
first point on the freeform surface, as shown in
Fig. 2(a). The first sample ray is reflected toward
the ideal image point E(x′, y′, z′). Thus, the first
emergent and incident ray vectors are

Out11 ¼
x
0
−x11

� �
iþ y

0
−y11

� �
jþ z

0
−z11

� �
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x0−x11ð Þ2 þ y0−y11ð Þ2 þ z0−z11ð Þ2
q

In11 ¼ x11−X11ð Þiþ y11−Y 11ð Þ jþ z11−Z11ð Þkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x11−X11ð Þ2 þ y11−Y 11ð Þ2 þ z11−Z11ð Þ2

q
ð1Þ

Fig. 3 The angle between the normal vectors of two
adjacent points

Table 1 Specifications of the two-mirror system design

Parameters Value

Wavelength coverage Visible-NIR(0.38-2 μm)

Diameter of primary mirror 100 mm

Diameter of secondary mirror 100 mm

Effective focal length 372.36 mm

Entrance pupil diameter 80 mm

Full field of view 2 deg

Pixel pitch 20 μm

Pan et al. Journal of the European Optical Society-Rapid Publications            (2020) 16:9 Page 3 of 9



According to Eq. (2), the normal vector N11 of the tan-
gent plane at the point P11 can be obtained.

N11 ¼ Out11−In11ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2−2 Out11 � In11ð Þp ð2Þ

2) Determining the next point P12 on the freeform
surface, which is the intersection of the adjacent
sample ray r12 and the tangent plane at P11,
whose normal vector is N11. The sample ray r12
is emitted from S12, as presented in Fig. 1.
Repeat the above procedure for other sample
rays r1j on the first row consecutively, and the
intersection of the first column of sample rays r1j
and the unknown freeform surface can be
sequentially calculated, as shown in Fig. 2(b).
Hence we obtain the first curve on the freeform

surface, which we shall refer to as the seed
curve, which is Curve 1 in Fig. 2(b).

3) After the seed curve, Curve 1 is determined, we
return to the initial point P11 to start calculating
the next curve on the freeform surface, Curve 2
as shown in Fig. 2(c). The point P21 is the
intersection of the sample ray r21 and the
tangent plane at point P11, as presented in
Fig. 2(c). Similarly, we can calculate all the other
sample data points along Curve 2, by locating
the intersection of the sample rays r2j on the
second row and the tangent planes at the
corresponding points along Curve 1.

4) By repeating Step (3), we can build the recursive
relationships between the corresponding points on
Curve i and Curve i + 1. Based on the recursive
relationships, all the other sample points on the
freeform surface can be determined, as shown in
Fig. 2(d).

Fig. 4 Schematic of the initial layout of the two-mirror system

Fig. 5 (a) The sample points on the freeform surface; (b) The normal vector at each sample point
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(III.)Evaluate the continuity and smoothness of the
freeform surface.

All the sample points can be obtained by the
method above. Actually, one needs to construct a
smooth and continuous freeform surface according to
the discrete sample points. Therefore, the continuity
of the freeform surface was evaluated by the following
method. The angle between the normal vectors of
two adjacent points is shown in Fig. 3, which can be
calculated by Eq. (3) [24]. The θv is the angle be-
tween the normal vectors of two adjacent points
along the same curve. The θh is the angle between
the normal vectors of two corresponding points along
the adjacent curves. In addition to the angles, the
space between the adjacent sample points and the
gradient of all sample points on the unknown free-
form surface are also key to evaluate the continuity
and smoothness.

θ ¼ arccos
N1 �N3

N1j j � N3j j
� �

ð3Þ

(IV.)Fit the sample data points to an extended
polynomial.

The previous design basing on seed curve extension al-
gorithm is done for a single field point. In order to fur-
ther optimize the freeform surface to cover a larger field
of view, the freeform surface has to be expressed by a
set of appropriate polynomials. The coefficients of these
polynomials can be further optimized with a commercial
optical design software, such as Zemax. There are a
number of polynomials that can be used as analytical ex-
pressions of the freeform surface, such as the Zernike
polynomials, the Chebyshev polynomials, and the

extended polynomials. In this paper, the XY extended
polynomials are employed to describe the freeform sur-
face. The optical system in this paper is symmetrical
about the YOZ plane, therefore, only even-order terms
in x are used in the XY polynomials. A base conic sur-
face and 11 added polynomial aspheric terms up to fifth
order are used. The surface sag is of the form [1, 7]:

z ¼ f x; yð Þ
f x; yð Þ ¼ c x2 þ y2ð Þ

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1þ kð Þc2 x2 þ y2ð Þp þ A2yþ A3x

2 þ A5y
2 þ A7x

2y

þA9y
3 þ A10x

4 þ A12x
2y2 þ A14y

4 þ A16x
4yþ A18x

2y2 þ A20y
5;

ð4Þ

Where c is the curvature of the base conic surface, k is
the conic coefficient, and Aq is the q-th polynomial coef-
ficient. In order to find the optimal fitting parameters
(c, k,Aq), an evaluation function is constructed as Eq. (5).

Fig. 6 (a) The angle between the normal vectors of two adjacent points along the same curve; (b) the angle between the normal vectors of two
corresponding points along the adjacent curve

Fig. 7 The dependence of the evaluation function on the
iteration numbers
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Fðc; k;AqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPM

i¼1

PM
j¼1 ðzi; j− f ðxi; y jÞÞ2
M �M

s
ð5Þ

Where zi is the z-coordinates of any sample point (xi,
yj, zi,j). And f(xi, yj) is calculated according to Eq. (4) .It is
clearly that (c, k,Aq) are the independent variables of the
evaluation function. As known, when the evaluation
function reaches the minimum, the fitting accuracy is
the best. The minimum value of evaluation function is
found by the simulated annealing algorithm [25, 26].
Once the minimum value of evaluation function is ob-
tained, the optimal fitting parameters also obtained.

Results and discussion
In order to verify our method, an initial layout of an off-axis
two-mirror system with one freeform surface is designed.
The specifications of the freeform two-mirror system are
listed in Table 1, which is given in Ref. [1]. In the initial lay-
out of the off-axis two-mirror system, the primary mirrorM1

is a freeform surface, and the secondary mirror M2 is
a planar mirror as shown in Fig. 4. The EP is the en-
trance pupil, which is also the starting plane of all
sample rays. The entrance pupil diameter of the sys-
tem is 80 mm and the sample beam aperture is rect-
angular. The rectangular aperture can be cut into a

circular aperture at the last. Point A is the first point
on the freeform surface, which is set at begin. Point
B is the first point on the secondary mirror which is
titled 60 degree about z-axis. The distance between
point A and point B is 300 mm away. The sample
rays are reflected by the primary mirror and the sec-
ondary mirror and converge into an ideal image point
as shown in Fig. 4.
The spacing of adjacent sample rays along the hori-

zontal and vertical directions are both chosen to be 0.5
mm, and a total K = 161 × 161 sample rays are employed
for ray tracing.
According to the SCE method, the sample points on

freeform surface are obtained as shown in Fig. 5(a). The
normal vector at every sample point is shown in Fig. 5(b).
It is important to ensure continuity of the freeform sur-
face for the purpose of manufacture on freeform surface
mirror. In order to evaluate the continuity of the free-
form surface, we calculate the angle between the normal
vectors of two adjacent points by Eq. (3). Figure 6 (a)
and (b) show the values of the angle between the normal
vectors of two adjacent points. Figure 6 (a) is the angle
between the normal vectors of two adjacent points along
the same curve. Figure 6 (b) is the angle between the
normal vectors of two corresponding points along the
adjacent curve. The spaces of the adjacent sample points
along x and y direction are both 0.5 mm. It is shown that
the maximum angle between the normal vectors of two
adjacent points is 0.0457 degree, which is quite small. In
addition, the maximum gradient of all the sample points
are 0.2. Then, we make the gradient calculation again.
The calculation show that all the gradient values are al-
most near zero. Therefore, the continuity of the freeform
surface is very good.
Here, the sample data points are fitted to an extended

polynomial as shown in Eq. (4). In order to obtain the
optimal fitting coefficient, an evaluation function is con-
structed as Eq. (5), which reflects the fitting accuracy.
When the evaluation function reaches the minimum, the

Fig. 8 The initial layout with a single field of view (a) and full field of view (b)

Table 2 The optimal fitting parameters

Parameters on Values Parameters on Values

c −8.069e-04 X4 −0.046

k − 8.049 X2Y2 −0.09191

Y − 17.75 Y4 −0.046

X2 −1.553e-05 X4Y −2.085e-03

Y2 4.44e-04 X2Y3 −1.185e-03

X2Y 2.515e-04 Y5 −9.392e-04

Y3 1.644e-04
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fitting parameters are optimal. The simulated annealing
algorithm is employed to seek the minimum of the
evaluation function. Figure 7 shows the dependence of
evaluation function on the iteration numbers. The opti-
mal parameters are listed in Table 2.
Then the two-mirror system with a freeform and a

planar mirror can be imported into Zemax. Figure 8 (a)
shows the optical system layout with a central field of
view. The RMS radius of the spot diagram at central
field of view is 2.573 μm. Figure 8(b) shows that more
field points are added to the initial system based on the
system specification requirements. The average RMS ra-
dius of all the spot diagrams at the full fields of view for
the initial system is 95.96 μm.
Although the performance of initial layout is decreasing

after adding more field points, it can be used as a good
starting point for further optimization of the system with
Zemax. Basing on the starting point, the final freeform off-

axis two-mirror system can be quickly obtained through
optical software optimization as shown in Fig. 9. In the
optimization, the spacing between the two mirrors are
chosen to be fixed. The secondary mirror was chosen to be
a conic surface during optimization. The MTF plots of the
final optical system are shown in Fig. 10. The MTFs of all
the field points are greater than 0.7 at 25 lp/mm, which is
the Nyquist frequency. It is obvious that the performance
of the system is near the diffraction limit at Visible-NIR
(0.38–2 μm). The average RMS radius of all the spot dia-
grams at the full fields of view for the final system is
4.03 μm as shown in Fig. 11 and the maximum grid distor-
tion is − 0.14% as shown in Fig. 12. In this design, the pri-
mary mirror is a freeform surface, and the secondary
mirror is a conic surface.
Clearly, by the SCE method, while the initial point is

set, all other points on unkown freeform surface can be
obtained based on recursive relationship. So each point

Fig. 10 The MTF plots of the final system at different fields of view

Fig. 9 The optimized system layout with multi-field of view
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on the initial freeform surface can be obtained at once.
In other words, the positions of each point on the initial
freeform surface is obtained directly without iteration or
feedback. This leads to two obvious advantages: (1) the
speed of positioning the sample points is very fast; (2)
the method obviates the consideration of whether there
is a solution or the stability of the solution. In addition,

the method has no limitation in the number of the free-
form surfaces. Although the two-mirror system with one
freeform surface is shown as an example, the method
can be extended to design off-axis systems with more
freeform surfaces by adding a virtual image point to each
surface, which will be discussed in future works.

Conclusion
In conclusion, a method is introduced to construct a
freeform surface directly in off-axis reflective image sys-
tem. The method is a combination of seed curve exten-
sion and simulated annealing algorithm. The seed curve
extension algorithm can calculate the sample points
quickly without worrying about the stability of the calcu-
lating process. The sample points can be fitted to an ex-
tended polynomials by simulated annealing algorithm.
The method is employed to construct a freeform surface
directly, which is used as a primary mirror in an initial
layout of an off-axis two-mirror system. The field of
view and working F-number of the system is 2°and 4.68,
respectively. The initial layout is made up of one free-
form surface and one planar surface, whose RMS radius
of the spot diagram at central field of view is 2.573 μm.
Based on the initial layout, a further optimization is per-
formed in Zemax. The results show that the perform-
ance of the system is diffraction- limited at Visible-NIR
(0.38–2 μm).
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