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Abstract

We propagate partially coherent light through discontinuous surfaces and analyze the optical effects in phase space.
The discontinuous surfaces are classified into two types, those with discontinuity in space and those with discontinuity
in slope. Results are discussed based on the Wigner function. This approach explains the performance of segmented
elements during the transition from the refractive into the diffractive regime. At first the diffraction effects generated
by a single discontinuity (e.g. a phase step and a linear axicon) are investigated. Later on we discuss surfaces with
periodic discontinuities, e.g. gratings, to study the formation of multiple diffracted orders. A kinoform lens is given
as a further example to visualize the change from pure refraction to diffraction. Moreover, we present the beam
homogenizing effect in phase space generated by lens arrays.
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Background
The Wigner function was first proposed by Wigner [1]
in 1932 as a quasi-probability distribution to describe
quantum mechanics in phase space. Later the Wigner
function was introduced into optics by Dolin and
Walther [2–4], to describe an optical signal in phase
space. There are several remarkable advantages of using
the Wigner function for analyzing optical systems. First,
it describes optical signals simultaneously in spatial
frequency and space. This idea resembles the concepts
of angle and position in geometrical optics. Making use
of this property we are able to propagate light in phase
space with the ray transfer matrix (also known as ABCD
matrix) [5, 6]. Second, phase space visualizes informa-
tion in wave optics such as diffraction and interference
effects. Here we use the Wigner function as a tool to
investigate segmented elements during the transition
between refraction and diffraction. Third, the Wigner
function is able to represent a partially coherent beam in
a straightforward way [7]. It visualizes the degree of
coherence in phase space as the angular extent. An alterna-
tive method to analyze partial coherence is to decompose a
beam into a summation of modes [8, 9]. However, it
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In this work we focus on light beams of spatial partial

coherence, and propagate the beam through discontinuous
surfaces. The optical effects are discussed in phase space.
The content of this paper is divided into the following
sections. Section 2 gives a brief introduction to the Wigner
function. Section 3 discusses the diffraction effects gener-
ated by various discontinuous surfaces. We separate the
discontinuous surfaces into two types, those with discon-
tinuity in space, and those with discontinuity in slope.
Methods
We limit the discussions to two dimensions spatially, i.e.
in coordinates (x, z) where x denotes the transverse
position and z is the propagation direction. The light
is restricted to be monochromatic, paraxial and partially co-
herent in space. Provided we know the cross-spectral dens-
ity function Γ(x1, x2) (also known as correlation function) of
a partially-coherent beam at a certain transverse plane,
where x1 and x2 are two arbitrary transverse coordinates,
the phase space of light at this transverse plane is given by
the Wigner function,
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where x = (x1 + x2)/2, Δx = x1-x2. By definition, the inte-
gration of all signals in the Wigner function over the
spatial dimension results in an angular spectrum. Inte-
gration of all the signals over the angular dimension
computes the light intensity in space.
Figure 1 serves as an example to demonstrate the

propagation of light inside a system by using Wigner
functions. Inside the paraxial regions that can be de-
scribed by ABCD matrices (e.g. z1-z6) we use Eq. 2 to
propagate the Wigner function,

W
0
x
0
; u

0
� �

¼ W Axþ Bu;Cxþ Duð Þ ð2Þ

where W and W’ denote the Wigner functions of light
entering and exiting a region respectively. In other re-
gions consisting of lenses or stops (e.g. d1-d4), it is more
convenient to obtain the correlation function Γ behind
the element by a Fourier transform of the Wigner func-
tion, then employ the thin element approximation (Eq.
3–5). In this approach the thicknesses d1- d4 of the ele-
ments are neglected.
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In Eq. 3–5 Γ and Γ’ represent the correlation functions
of light entering and exiting the region, t and A referring
to the modulation functions for phase and for amplitude
from a surface, λ being the wavelength, n being the
Fig. 1 Using the Wigner functions to propagate partially coherent
light inside a system
refractive index of the element and Δz defining the
height of the surface.
Because of the Hermitian properties of the correlation

function, the Wigner function is always in real but not
necessarily positive values. Negative values in the phase
space indicate destructive interference [10]. In the fol-
lowing section we discuss the interpretation of diffrac-
tion effects in phase space with various examples.

Results and Discussion
At first we introduce an important parameter Δϕ to
denote the optical path difference generated by a phase
step (Fig. 2c). A ray of light in the wavelength λ traveling
through a refractive material with a height of Δz accumu-
lates the phase term exp(i2πnΔz/λ), where n is the refract-
ive index of the material. Meanwhile another ray of light
next to the material traveling through air of the same thick-
ness Δz carries another phase term exp(i2πΔz/λ). We
define the normalized phase difference between the two dif-
ferent rays as Δϕ = (n-1)Δz/λ, i.e. the phase difference
divided by 2π. In the special blazed condition, Δϕ is an
integer. It means the optical path difference is of a multiple
of the wavelength. Thus it results in no interference effects.
In the following discussions we concentrate on cases of Δϕ
being a non-integer to examine the diffraction effects.

Phase step
In this work the incident light source has a nearly flat-
top transverse intensity profile, to insure a uniform illu-
mination on the diffractive element. It is a superposition
of multiple quasi-collimated monochromatic Gaussian
Schell-model beams in the far field [11]. The source is
characterized by three near-field parameters according
to Eq. 12 in [11]: rms beam width σ, rms correlation
width δ and the mode count M. The degree of coher-
ence in our model decreases, when the value of σ in-
creases. A larger integer of M produces a more flat-top
profile of the far-field intensity.
We define the refractive index n = 2.0 for all optical

elements and the wavelength λ = 0.6328 μm. In Fig. 2
the step heights are defined as Δz = 50.0λ, 50.2λ, 50.5λ,
50.8λ and 51.0λ, yielding Δϕ = 50.0, 50.2, 50.5, 50.8 and
51.0 respectively (Fig. 2d-g).
With Δϕ = 50.0 or Δϕ = 51.0 there is no change in the

phase space between the incoming beam and the out-
going beam (compare Fig. 2a, d). That is because the
light experiences no phase jump after passing the step.
In the cases of Δϕ being a non-integer (Fig. 2e-g), rip-

ples occur in phase space. They are the visualization of
diffraction effects centered at the step location. These
diffraction ripples are an indication of the Fourier series
of the Heaviside step function. In the case of Δϕ = 50.5
the diffraction ripples are most pronounced and symmetric
about the origin. In the intensity along the propagated



(a) Phase space of the 
incident light

(b) Transverse intensity of 
the incident light

(c) Profile of the step with
=

(d)Phase space with
= 50.0 or = 51.0

(e) Phase space with
50.2

(f)Phase space with
= 50.5

(g)Phase space with
= 50.8

(h) Intensity along the 
propagated beam with 

50.5

Fig. 2 Phase steps of various heights. The parameters for the incident light source are σ = 1 μm, δ = 0.5 μm and M = 40
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beam (Fig. 2h) the destructive interference produces a mini-
mum at the transverse intensity at x = 0. Besides, the phase
space of Δϕ = 50.2 (Fig. 2e) is a 180° rotation of the phase
space of Δϕ = 50.8 (Fig. 2g). The same applies to pairs of
Δϕ = 50.3 and 50.7, Δϕ = 50.2 and 50.8, Δϕ = 50.1 and 50.9.
It is worth mentioning that when the light source has

a larger coherence length, the diffraction ripples are more
pronounced. This is because a more coherent beam
generates more noticeable interference effects. Conversely,
as the coherence length of the light source decreases, the
diffraction ripples become fainter.

Axicon
We take a linear axicon as another example to discuss the
single discontinuity in phase. Compared to the phase step,
a linear axicon is continuous in space but discontinuous in
slope. Diffraction effects always happen when there is a
slope discontinuity on the surface, even though there is no
abrupt change for the step height. In this case Δϕ is no lon-
ger a criterion to evaluate the destructive interference.
Corresponding results are shown in Fig. 3. The axicon

splits a quasi-collimated incident beam (Fig. 3a) into two
beamlets with different angles. This is indicated in the
phase space (Fig. 3d) as two horizontal lines located at
opposite angles. A split happens where the surface slope
changes, i.e. x = 0.
In addition, diffraction ripples appear due to the phase

wedge of the axicon. The ripples in Fig. 3d (i) and (ii) are
connected to the two lines. They resemble the diffraction
ripples generated by the phase step in Section 3.1. These rip-
ples propagate with the beamlets and produce oscillations in
the transverse intensity near the outer edges of the beamlets
(Fig. 3g).
Meanwhile the ripples in Fig. 3d (iii) near the origin

are separate from the two lines. They result from inter-
ference between the two beamlets. The ripple frequency
increases with the angle between the two beamlets [12].
When we integrate these ripples over the angular axes,
they produce oscillations in the transverse intensity. For
a longer propagated distance, the ripples are sheared and
their effect on the transverse intensity diminishes. The
axial range where oscillations can still be observed
(z < 3 mm) in the transverse intensity is proportional
to the coherence length of the incident beam.

Grating
In the following we show several examples of phase
space corresponding to various phase gratings.
A binary grating can be considered as a periodic super-

position of Heaviside steps. The phase space of a single
Heaviside step is discussed in the previous section
(Fig. 2d-g). Here we start with a grating composed of four
Heaviside steps. The grating profile is overlaid on top of
the phase space in Fig. 4b. On the line with u = 0 in phase
space, negative values occur at four separate x positions.
These positions coincide with the phase discontinuity of
the surface. Another notable feature in Fig. 4b is the posi-
tive peaks on the line through u = 0.033 radian. The three
horizontal lines of signals along u = 0 and u = ±0.03 radian
form the 0 and ±1 diffracted orders, respectively. The an-
gles of diffracted orders follow the formula sin u =mλ/d,
where u is the diffracted angle, m being the diffracted



Phase space
Phase space overlaid with a 
binary grating of two periods Grating profile Phase space

(a) Incident light (b) Period , (c) Binary grating of 48 periods, each period with the same
parameters as (b)

Grating profile Phase space Grating profile Phase space

(d) = = 5.5 (e) = 3.6 , = 3.6

Fig. 4 Phase gratings. The total spatial extent of the gratings in (c), (d) and (e) is from −0.5 mm to 0.5 mm along the x axis. We only show the grating
profiles along the x axis from −0.05 mm to 0.05 mm for a clear visibility of the periods. The parameters for the incident light source
are σ = 5 μm, δ = 0.8 μm and M = 40

Phase space of the(a)

Intensity along the propagated beam(e) Transverse intensity at z= 25 mm(g)

incident light
Transverse intensity of(b)

the incident light

Phase space of light at(f)
z= 25 mm

Surface profile of the(c)
linear axicon

Phase space of light(d)
living the axicon

Fig. 3 Phase space of a quasi-collimated Schell-model beam passing a linear axicon. The parameters for the incident light source are σ = 0.5 μm,
δ = 0.2 μm and M = 40
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order, λ representing the wavelength and d denoting the
grating period.
In Fig. 4c the grating has the same period as the one in

Fig. 4b, but covering a larger spatial extent. If we derive the
angular spectrum from the phase space, there are sharper
peaks representing the diffracted orders (not shown in the
figures). However, the width of the peaks in the angular
spectrum is also influenced by the angular extent of the
partially coherent source. Figure 4d shows a binary grating
with a larger period. According to the diffraction formula,
a larger value of d results in a smaller diffracted angle u.
The ±1 diffracted orders are at u = ±0.023 radian. Figure 4e
illustrates a blazed grating (also called echelette grating).
Due to the asymmetric profile of this grating, both refrac-
tion and diffraction take place. All the diffracted orders
move along the angular axis. The 0 order is reposi-
tioned at the angle u = −0.12 radian.
Moreover, the step height of the blazed grating de-

fines the value of the normalized phase difference Δϕ.
Surface profile Phase space

(a) Kinoform lens with (b) Incident light

Phase space
Intensity along the
propagated beam

(d) = = 1.4

Phase space
Intensity along the
propagated beam

(f) = = 2.4

Fig. 5 Kinoform lenses with various groove heights. The lens profile in (a) does
zone widths vary from 10.4 to 41.8 μm in (c), from 7.8 to 34.6 μm in (d), from 7.
(g). Figures of phase space share the color bar in (b). The parameters for the inc
With Δϕ = 3.6, the −1 order contains more energy than
the +1 order (Fig. 4e). For a binary grating, the energies
in the +1 and −1 orders are always equal.
Kinoform lens
A kinoform lens can be interpreted as a grating with
locally varying periods. When the periods can be approxi-
mated by a linear blazed grating, one may use the method
proposed by Sinzinger [13] to analyze the diffraction effects
based on Fourier analysis. In our work we express the pro-
file of the kinoform lens as a conical surface with z = cx2/
{1 + [1-(1 + k)c2x2]1/2}, where c denotes the curvature (i.e.
the reciprocal of the radius) and k is the conic constant.
We cut this surface into slices with an equal height Δz,
and leave out all the coplanar parts. This cutting yields a
kinoform lens with quadratically-decreasing zone widths
from the inner to the outer region (Fig. 5a). The profiles of
individual grooves remain conical. We discuss the
Phase space
Intensity along the
propagated beam

(c)

Phase space
Intensity along the 
propagated beam

(e) = = 1.5

Phase space 
Intensity along the
propagated beam

(g) = = 3.5

not have perfectly uniform groove heights due to finite samplings. The
8 to 36.6 μm in (e), from 11.7 to 47 μm in (f), and from 17.6 to 55.4 μm in
ident light source are σ= 5 μm, δ= 0.7 μm and M= 40



Phase space Phase space
Intensity along the 
propagated beam

Intensity along the 
propagated beam

Fig. 6 Fresnel lens with conical grooves (a) and linear saw-tooth grooves (b), both with a focal length of 10 mm. Figures with the same titles
share the same color bars. The parameters for the incident light source are σ = 2 μm, δ = 0.3 μm and M = 40
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diffraction effects generated by such a kinoform lens in
Fig. 5, with c = 0.25 mm−1, k = −4 and various values of Δz.
When the kinoform lens works in blazed condition we

call it a Fresnel lens (Fig. 5c, Δϕ = 2.0). In this case the
transmitted light is dominated by refraction. Ray optics
is sufficient to describe its optical effects in the paraxial
regime. In phase space the focusing effect of the Fresnel
lens is expressed by a shearing of signals along the angu-
lar axis. The propagation of light is performed by an
additional shearing along the spatial axis. At the focus
position the signals in phase space form a vertical line.
As there are no diffraction ripples in phase space, the in-
tensity along the propagated beam is symmetric about
the focal plane (z = 4 mm).
When the kinoform lens does not fulfill the blazed

condition, i.e. Δϕ being a non-integer, the phase mis-
match generated by the groove height can contribute to
significant diffractive phenomena. Multiple diffracted
orders appear when the zone widths on the kinoform
lens are in the range of several wavelengths.
In Fig. 5c the phase space is composed of several stripes

crossing each other at the origin. Each stripe represents
one diffracted order. The central stripe is the 0 order indi-
cating the refracted beam path. Thus the 0 order is always
(a) One-array system

Fig. 7 Setups for beam homogenizing. The focal length of the lens array is
plane right behind the array. Plane B lies on the back focal plane of the arr
at the same location as the phase space signals in Fig. 5b.
Any other higher orders (±1, ±2, etc.) are the outcomes of
interference effects. The fine structures in phase space re-
sult from a superposition of all the interference effects gen-
erated by individual grooves.
With Δϕ between 1.4 and 2.4 the diffracted orders are

separated from each other by a large distance. In free-space
propagation, each diffracted order produces its own axial
focus. The energy ratio of the foci depends on the energy
distribution among the diffracted orders. With Δϕ = 1.5,
both +1 and −1 orders contain equal energy in phase space.
Correspondingly the foci formed by the +1 and −1 orders
share the same amount of energy. However, due to different
numerical apertures, their peak heights are not equal.
Meanwhile there is no intensity peak at z = 4 mm for Δϕ =
1.5 in Fig. 5d. That is because the integration of the phase
space signals i the 0 order returns zero.
The transition from diffraction to pure refraction hap-

pens when the zone width grows considerably larger than
the wavelength (λ = 0.6328 μm). When the height of the
kinoform lens is increased to Δz = 3.5λ, i.e. Δϕ = 3.5, the
zone width is above 17 μm. The diffracted orders are no
longer distinguishable (Fig. 5f). All the diffracted orders
start to merge together. Individual foci in the propagated
(b) Two-array system

f1. The focal length of the condenser lens is f2. Plane A marks the
ay. Plane C is the output plane for a homogenized beam



Phase space of the
incident light

(a)

Intensity along the
propagated beam

(e) Transverse intensity on
place B

(f) Transverse intensity on
place C

(h)

Phase space on
plane A

(c)

Phase space on
plane C

(g)

Phase space on
plane B

(d)Profile of the lens
array

(b)

Fig. 8 Phase space results of the one-array system for beam homogenizing given by Fig. 7a. Figures of phase space share the color bar in (a).
The parameters for the incident light source are σ = 1 μm, δ = 0.18 μm and M = 40
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beam path are not separable any more. If the zone width is
increased even more, diffraction effects gradually fade.
Eventually this leads to one single focus as in ray optics.
Due to manufacturing limitations, a Fresnel lens is

commonly produced with linear saw-tooth grooves. In
Fig. 6 we compare this type of Fresnel lens (Δϕ = 10.0)
and a lens with conical grooves. Because Δϕ is an inte-
ger, the Fresnel lens with conical grooves gives exactly
the same performance as a continuous conical lens. The
axial intensity distribution along propagation is symmet-
ric about the focus position (Fig. 6a). Correspondingly, a
Fresnel lens with linear saw-tooth grooves is equivalent
to a piecewise linear approximation of a conical surface.
This approximation creates discontinuous slopes on the
surface, although the groove height yields no phase mis-
match due to Δϕ being an integer. The corresponding
(a) Phase space on the plane B (b) Phase spa

Fig. 9 Phase space results of the two-array system for beam homogenizing giv
diffraction effects are seen in phase space as additional
ripples. Furthermore, the linear profile on each groove
bends the light into slightly non-focusing angles. Under
the influence of ray effects and wave effects, an asymmetric
axial focus is found in the propagated beam path (Fig. 6b).

Lens array
The lens array is a common component in optical
systems for beam homogenizing. Figure 7 shows two
setups for this application.
Figue 8 shows the results based on the setup in Fig. 7a.

The light leaving the array is distributed into five channels
defined by the individual lenslets. This is indicated by five
parallel tilted lines in phase space on the plane A (Fig. 8c).
Between the adjacent lines there are additional diffraction
ripples caused by the discontinuous slope of the array.
(c) Transeverse intensity on plane Cce on lane C

en by Fig. 7b. Phase space in (a) and (b) share the color bar in Fig. 8a
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Similar to the case of an axicon, ripples occur near the zero
angle regions and at each end of the five lines (Fig. 8c (i)
and (ii)). As the plane B is at the back focal plane of the lens
array, five tilted lines in phase space on the plane A are
sheared into a vertical orientation (Fig. 8d). By integrating
the signals in Fig. 8d vertically we derive five narrow peaks
in the transverse intensity on the plane B (Fig. 8f). They
indicate five focused beamlets at the back focal plane of the
lens array. The weaker intensity peaks in Fig. 8f originate
from the non-uniform illumination. The ripples in Fig. 8d
(i) give no contribution to the transverse intensity after the
integration.
Since the plane B and the output plane C form a pair

of Fourier conjugates, the phase space on the plane C is
a 90° rotation of the phase space on the plane B. The
ripples in Fig. 8g (i) produce oscillations in the trans-
verse intensity at the edges of the beam (Fig. 8h).
The only difference between the two setups in Fig. 7 is

the second lens array. It is placed at the back focal plane
of the first array, acting as a field lens. This field lens
introduces an extra focusing effect. In phase space this is
expressed as a vertical shearing of signals. Thus the
ripples in Fig. 9a (i) are sheared into a symmetric distri-
bution, compared with Fig. 8d. Physically it means the
field lens captures light with large angles and bends
them into the acceptable numerical aperture of the con-
denser lens. Thus the light falls into a better-defined
spatial region on the output plane C. Figure 9c shows a
more homogenized intensity profile than Fig. 8h.
Conclusions
The Wigner function contains information about ray
optics and wave optics. In this work the Wigner function
helps us to understand the behavior of partially coherent
light interacting with diffractive elements. We discuss
two types of discontinuous surfaces, those with discon-
tinuity in space and those with discontinuity in slope.
The phase step, grating and kinoform lens belong to

the first type. For surfaces of spatial discontinuity, the
optical path difference is important to evaluate the
destructive interference. For example, by varying this
parameter we see the change of a kinoform lens from
pure refraction to diffraction. This parameter also con-
trols the energy distribution among the multiple foci
formed by the diffracted orders of a kinoform lens.
The axicon, Fresnel lens with linear saw-tooth grooves

and the lens array represent the second type of surface
discontinuity, i.e. discontinuity in slope. It always causes
pronounced interference effects.
The Wigner function is a useful tool for optical simu-

lation. It facilitates the interpretation of intermediate
optical effects, in particular for complex systems with
partially coherent light and diffractive elements.
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