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Abstract

A boundary value problem involving the scattering of electromagnetic waves from a sphere of complex conjugate
medium (CCM) is studied. The sphere is placed in free space. The source of excitation for the sphere in our case is a
plane wave. Incident, scattered and transmitted fields are formulated. The unknown coefficients in the scattered
and transmitted fields are found using boundary conditions. From these electromagnetic fields, the Mie efficiencies
are determined. The technique used in studying the scattering of electromagnetic waves from CCM is analytical
and a closed form solution is obtained. It is shown by numerical results that the scattering is enhanced in case of
CCM sphere as a target. Results for the limiting cases are also derived to compare the validity of our formulation
with the published work.
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Introduction
The complex refractive index N = n ± ik having real and
imaginary parts are very important in dealing with the
intrinsic optical properties. Complex conjugate medium
is a special type of medium which is lossless medium
having real value of refractive index. The concept of
complex conjugate medium (CCM) was introduced a
few years ago. Dragoman [1] proposed this medium; the
reflection and transmission properties of this medium
was discussed in detail by him. The CCM has complex
value of relative electric permittivity and relative mag-
netic permeability and real refractive index i.e.

εr ¼ m aþ ibð Þ
μr ¼ a−ibð Þ

and refractive index N ¼ ffiffiffiffiffiffiffiffi
εrμr

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mða2 þ b2Þ

q
,

where ‘ m ’ is any positive integer.
The CCM modifies the scattering properties [2, 3] and

no energy absorption losses occur. The attenuation in
the electromagnetic wave through the CCM medium is
only due to its refractive index and absorption losses are
zero [4]. Absorption is determined by the imaginary
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parts of these two parameters (i.e. εr and μr). The attenu-
ation of electromagnetic wave is determined or con-
trolled by the imaginary part while the real part
determines the phase velocity of waves as it traverses
through the medium.
CCM is electrically active and magnetically dissipa-

tive or electrically dissipative and magnetically active.
The gain coefficient in optical active materials (e.g. in
the non-impurified non-magnetic semiconductor
nano-sized lasers) is controlled by injection current. It
can be tuned to the value required by CCM when
Mn is used as dopant. Thus, CCM can be realized
using the existing technology [1].
Scattering theory is a very important tool of physics. It

provides important information about the particles or ob-
stacles [5, 6]. Scattering of electromagnetic waves by
spherical objects is very interesting and carry many appli-
cations [7, 8]. Sphere is one of the few three-dimensional
bounded geometrical shapes that possess a closed form
analytical solution [9]. It is commonly used as a reference
for any kind of electromagnetic scattering theory and ap-
plications. Complete analytical treatment of electromag-
netic plane wave scattering by a homogeneous, isotropic,
dielectric sphere can be traced back to an 1890 paper by
Lorenz, though credit for that achievement is commonly
given to 1908 paper by Mie [10] . In this study, the scatter-
ing of plane waves from CCM sphere is considered. The
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Mie efficiencies i.e. extinction, scattered, absorption and
backscattered efficiencies have been computed.
This work will demonstrate that the scattering efficien-

cies in case of CCM sphere dominates over the conven-
tional dielectric sphere. This strong scattering effect can
enhance significantly the light absorption in thin films
and thus power conversion efficiencies of related solar
cells which has already been investigated for dielectric
nanospheres by several researchers e. g. [11] and experi-
mentally demonstrated by [12]. This study related to the
CCM sphere has not yet been reported before to the
best of our knowledge.
Methods and formulation
Consider a uniform plane wave with frequency ω propa-
gating along positive z axis, from one medium to an-
other medium. Let it travels from medium 1 i.e., space
which is characterized by ε0 and μ0 to a linear, isotropic
and homogenous medium 2 i.e., CCM having relative
electric permittivity εr and relative magnetic permeabil-
ity μr (Fig. 1).
The incident fields can be written as [13]

Ei ¼ E0e
− jk2zþjωt ax

¼ E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ m 1ð Þ

01n−in
1ð Þ
e1n

� �
ð1Þ
Fig. 1 CCM Sphere having radius ‘a’ and spherical polar coordinate
system (r, θ and ϕ)
Hi ¼ E0
k2
μ2ω

e− jk2zþjωt ay

¼ −
k2
μ2ω

E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ m 1ð Þ

e1n þ in 1ð Þ
01n

� �

ð2Þ
where, E0 is the amplitude of the incident wave, and

m 1ð Þ
eo1n ¼ � 1

sinθ
jn k2Rð ÞP1

n cosθð Þ cos
sin

φi2− jn k2Rð Þ ∂
∂θ

P1
n
sin
cos

φi3

ð3Þ
here, subscripts ‘o’ and ‘e’ are for odd and even values,

respectively, and Jn is used for Bessel function.

n 1ð Þ
eo1n ¼

n nþ 1ð Þ
k2R

jn k2Rð ÞP1
n cosθð Þ sin

cos
φi1

þ 1
k2R

k2Rjn k2Rð Þ� �0 ∂
∂θ

P1
n
sin
cos

φi2

� 1
k2Rsinθ

½k2Rjn k2Rð Þ k2Rjn k2Rð Þ� �0
P1
n cosθð Þ cos

sin
φi3

ð4Þ
The prime sign denotes the differentiation with respect

to k2R. There are two parts of the induced secondary
fields; first is transmitted field and the other is reflected
field. The transmitted field only applies to interior of the
sphere while reflected field extends up to infinity. We
may write

Er¼E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ arnm

3ð Þ
o1n−ib

r
nn

3ð Þ
e1n

� �
ð5Þ

H r¼−
k2
ωμ2

E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ brnm

3ð Þ
e1n− ja

r
nn

3ð Þ
o1n

� �

ð6Þ
which is valid for R > a, and

Et¼E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ atnm

1ð Þ
o1n þ jbtnn

1ð Þ
e1n

� �

ð7Þ

H t¼−
k1
ωμ1

E0e
jωt

X∞
n¼1

− jð Þn 2nþ 1
n nþ 1ð Þ btnm

1ð Þ
e1n− ja

t
nn

1ð Þ
o1n

� �

ð8Þ

which is applicable for R < a. the functions mð1Þ
eo1n and

nð1Þ
eo1n are deduced by replacing jn(k2R) by h1nðk2RÞ

Boundary Conditions
On the surface of CCM sphere, both the electric and
magnetic field components are continuous. i.e. at R = a,
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i1 � Ei−Erð Þ ¼ i1 � Et ð9Þ
These B.Cs, leads to two pairs of equations for expan-

sion coefficients:

atn jn Nρð Þ−arnh 1ð Þ
n ρð Þ ¼ jn ρð Þ

μ2a
t
n Nρ jn Nρð Þ� �0−μ1arn ρh1n ρð Þ� �0 ¼ μ1 ρ jn ρð Þ� �0

μ2Nbtn jn Nρð Þ−μ1brnh 1ð Þ
n ρð Þ ¼ μ1 jn ρð Þ

btn Nρjn Nρð Þ� �0−Nbrn ρh 1ð Þ
n ρð Þ

h i0
¼ N ρjn ρð Þ� �0

where,

k1 ¼ Nk2 ρ ¼ k2a k1a ¼ Nρ

Now, the coefficients of external field are given by,

arn ¼ −
μ1 jnN ρð Þ ρ jn ρð Þ� �0−μ2 jn ρð Þ Nρ jn Nρð Þ� �0

μ1 jn Nρð Þ ρh 1ð Þ
n ρð Þ

h i0
−μ2h

1ð Þ
n ρð Þ Nρ jn Nρð Þ� �0

ð10Þ

brn ¼ −
μ1 jn ρð Þ Nρ jn Nρð Þ� �0−μ2N2 jn Nρð Þ ρ jn ρð Þ� �0
μ1h

1ð Þ
n ρð Þ Nρ jn Nρð Þ� �0−μ2N2 jn Nρð Þ ρh 1ð Þ

n ρ
h i0

ð11Þ

Scattering cross sections
The ratio of total energy scattered per second, to the in-
cident energy density on a spherical particle, is termed
as scattering cross section.

Qs ¼
Ws

Pi
ð12Þ

Qs ¼
2π

k22

X∞
n¼1

2nþ 1ð Þ arn
�� ��2 þ brn

�� ��2� �
ð13Þ

The mean energy density incident on particle is given
by;

Pi ¼ 1
2
E2
0

ffiffiffiffiffiffiffi
ε2
μ2

r
ð14Þ

Ws ¼ π
E2
0

k22

ffiffiffiffiffi
ε2
μ2

r X∞
n¼1

2nþ 1ð Þ arn
�� ��2 þ brn

�� ��2� �
ð15Þ

The scattered energy can also be found by integrating
the Poynting vector over the surface of the sphere under
study, which is given by;

Wext ¼ ∬Psca:ndS
Wext ¼ ∬ Esca:H�

sca

� �
:ndS

ð16Þ

SCS is calculated using [14];
σsca ¼ Wext

Pinc
ð17Þ

Extinction /Total cross sections
The beam of electromagnetic wave is attenuated by ab-
sorption and scattering of incident wave. From conserva-
tion of energy, we may write;

Ws þWa ¼ Wt

In terms of cross sections, the above equation may be
put in the form,

Qs þ Qa ¼ Qt

where,

Qt ¼
2π

k22
Re

X∞
n¼1

2nþ 1ð Þ arn þ brn
� 	 ð18Þ

Absorption cross sections
The amount of energy dissipated inside the particle in
the form of heat or other forms, is absorbed by the
particle. The ratio of energy absorbed by the sphere,
to the energy flux density is known as Absorption
cross section (ACS).

Qa ¼ Qt−Qs

ACS can also be found by integrating the total heat or
energy losses in the particle due to thermal excitations.
The rate of energy losses is given by;

Qt ¼
2π

k22
Re

X∞
n¼1

2nþ 1ð Þ arn þ brn
� 	 ð19Þ

Qloss ¼
1
2

Re Jtot :E
� þ jωB:H�½ � ð20Þ

where,

Jtot ¼ σEþjωD

i.e. the sum of conduction and displacement currents.
The amount of absorbed energy is given by;

Wabs ¼ ∭QlossdV

Finally,

σabs ¼ Wabs

Pin
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Results and discussion
Fig. 2 shows the scattered efficiencies which has been
plotted against the size parameter ‘ka’. The complex
valued relative permittivity and relative permeability
are εr = 1.54 + 0.2i, μr = 2(1.54 − 0.2i) respectively. The
parameters for the dielectric sphere are εr = 1.54 +
0.2i, μr = 1, respectively. Solid line shows behavior of
dielectric sphere whereas the line with marker shows
the behavior of CCM sphere. It can be seen from the
plot that the scattered efficiencies are greater in case
of CCM sphere than the dielectric sphere. This is due
to the reason that imaginary parts of complex valued
relative permittivity and permeability gives real valued
refractive index as they satisfy the complex conjugate
material condition. Hence the losses due to absorp-
tion are zero that boost the scattering.
In Fig. 3 the extinction efficiencies have been plotted

against the size parameter ‘ka’. The values of complex
permittivity and permeability are εr =1.54 + 0.2i, μr =
2(1.54–0.2i) respectively for CCM sphere whereas rela-
tive permittivity and relative permeability of dielectric
sphere are εr = 1.54 + 0.2i, μr = 1, respectively. Solid line
shows extinction due to dielectric sphere whereas the
line with marker shows the extinction due to CCM. The
extinction due CCM is more than the extinction due to
dielectric. It is due to the scattering that contributes
more to the extinction.
Figure 4 shows absorption efficiency comparison be-

tween CCM sphere and dielectric sphere. Due to
Fig. 2 Comparison of scattered efficiencies with size parameter ka. Soli
CCM sphere
complex conjugated values of relative permittivity and
permeability, we get real valued refractive index and
hence absorption cross section reduced to zero
whereas in case of dielectric, the values of relative
permittivity and relative permeability are not complex
conjugate of each other i.e., εr = 1.54 + 0.2i, μr =1, as
a result we get complex value of refractive index and
hence absorption cross section increases. This figure
shows that the energy loss of the electromagnetic
wave is greater in dielectric than CCM due to
absorption.
Figure 5 shows the backscattered efficiencies which

have been plotted against the size parameter ‘ka’. It
can be seen from the graph that the backscattered ef-
ficiencies in case of dielectric sphere is almost zero as
compared to the CCM sphere. These are the most
pronounced and interesting results that can be used
in different applications. Taking different values of
complex relative permittivity and permeability, we get
the same results like in above.

Conclusion
A sphere made up of complex conjugate medium is
considered. Complex conjugate medium is a distinct
nature of medium which has real refractive index and
complex valued relative permittivity and permeability.
When these two parameters (μr and εr) become
complex conjugate of each other; the refractive index
becomes real which makes the medium lossless.
d line shows the dielectric whereas line with marker is that of



Fig. 3 Comparison of extinction efficiencies with size parameter ka. Solid line shows the dielectric whereas line with marker is that of CCM sphere
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These materials have many applications in optics for
example optoelectronics, miniaturized amplifiers and
lasers etc.
In the present work, the spherical vector wave func-

tions expansion method is used for the analytical result
of the problem of the plane wave scattering by CCM
sphere. The properties of complex valued constitutive
Fig. 4 Comparison of extinction efficiencies with size parameter ka. Solid line
parameters on the scattering properties of a sphere have
been investigated. This medium modifies the scattering
properties of the sphere. The refractive index of sphere
becomes real because the electric permittivity is complex
conjugate of the magnetic permeability. Due to the real
value of refractive index of this medium the absorption
cross section becomes nearly equal to zero and
shows the dielectric whereas line with marker is that of CCM sphere



Fig. 5 Comparison of backscattered efficiencies with size parameter ka. Solid line shows the dielectric whereas line with marker is that of
CCM sphere
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extinction will be only due to the scattering. In other
words, the scattered field is only due to the impedance
mismatch at the boundary of the sphere. Mie efficiencies
of dielectric and CCM sphere have been plotted
against the size parameter of the sphere and found
that the scattering in case of CCM sphere is dominat-
ing over that of dielectric case. Arrays of CCM
spheres may be used as a promising light trapping
schemes for thin film solar cells.
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